j A (M) = inf{i / Ext' A (M,A)#0}eWU
The Auslander condition is: for all M as above, for all i > 0 and every A-submodule N of Ext^(M, A), one has j A (N) > L A ring of finite (left and right) injective dimension (resp. finite homological global dimension) which satisfies the Auslander condition is called Auslander-Gorenstein (resp. Auslander-regular). On the other hand, assume that A is a graded algebra over a field k, of the form A = k © ,4, © A 2 ® . . . . Then M. Artin and W. Schelter have introduced in [1] a definition of regularity for A. (See Section 6.1 for a precise definition.) We shall then say that A is AS-regular.
Let A be a commutative regular affine fc-algebra, and assume for simplicity that A is a domain. One knows that A is a Cohen-Macaulay ring, which is equivalent to: dim M +j A (M) = dim A for all non-zero finitely generated v4-modules A/, (CM) where dim denotes the Krull dimension. When A is noncommutative, a natural substitute for the Krull dimension is the Gelfand-Kirillov dimension, denoted by GKdim. We then have many examples of Auslander-regular fc-algebras which have the property (CM), where dim is replaced by GKdim. The main examples occur when A is a filtered ring with a regular commutative graded associated ring, see [6] . The work of [3] , [4] shows that the property (CM) plays an important role in the study of modules over AS-regular algebras.
The purpose of the present work is to compare the two notions of regularity introduced above and to study the property (CM) for graded noetherian A:-algebras. The paper is organized as follows.
Sections 1 and 2 recall results about filtered and graded rings and AuslanderGorenstein or regular rings.
Section 3 investigates the behaviour of the Auslander condition when we factor a graded fc-algebra A = 0 A n by a normal homogeneous non-zero divisor of positive degree. " a 0
In Section 4, we show that over an Auslander-Gorenstein ring of injective dimension H, M-> d(M) = ju -j A (M) defines a dimension function in the sense of [17] . This is used to prove that an Auslander-regular fc-algebra A = k®A x ®A 2 ®... is a domain. Section 5 studies the property (CM) over a graded ^-algebra such that finitely generated graded modules have polynomial growth; we call this condition (PG). The main results are obtained in 5.10 and 5.13. Theorem 5.10 gives the following. Let A = 0 A n be a finitely generated positively graded /oalgebra with dim /t >lo< 00 ; suppose 278 THIERRY LEVASSEUR Q e A d , d > 0, is a normal non-zero divisor in A such that A/QA is Auslander-Gorenstein and satisfies the condition (PG) and property (CM); then the same is true for A. In 5.13, a criterion is given for a graded A:-algebra of injective dimension 2 to be an Auslander-Gorenstein algebra satisfying property (CM).
In Section 6, we compare the two notions of regularity given above. Theorem 6.3 shows that an Auslander-regular graded ^-algebra A = k(BA i (BA 2 (B... such that n-*d\m k A n has polynomial growth is AS-regular. In 6.6, we consider the algebras B(X, a, Z£) constructed in [5] from an elliptic curve X, an automorphism a of A' and an invertible sheaf 3? of degree at least 3 on X. Using 5.13, we show that B(X, o,S£) is Auslander-Gorenstein of dimension 2 and has the property (CM). As a corollary (see 6.7), we deduce that the Sklyanin algebra as defined in [18] is Auslander-regular and satisfies the property (CM).
In [15] , this last fact is used to obtain detailed results about graded modules over the Sklyanin algebra.
1. Preliminaries. 1.1. For the rest of the paper, we fix a commutative field k. The dimension of a A:-vector space is denoted by dinv Let A be a ring. We denote by Mod(A) (resp. Mod f (A)) the category of left or right j4-modules (resp. finitely generated ^-modules). We write A M or M A to indicate that M is a left or right ^-module. The ring A is called noetherian if it is left and right noetherian.
Let A M (resp. M A ) be in Mod(A) and aeA. We say that a is a non-zero-divisor (n.z.d) in M if ax = 0, x e M, implies x = 0 (resp. xa = 0 implies x = 0). If a e A is a n.z.d. in A A (resp. A A ), we say that a is a right (resp. left) n.z.d. in A. If a is a left and right n.z.d., we simply say that a is a n.z.d.
1.2. Let M be an .,4-module. We let pd A (M) denote the projective dimension of M and injdim /4 (M) the injective dimension of M. We say that A has finite global dimension (resp. finite injective dimension) if the left and right global dimensions of A are finite and equal (resp. the modules A A and A A have finite injective dimensions which are equal). In that case we denote these numbers by gldim(/4) (resp. injdim(/4)).
If no confusion can arise, we write 1.5. We recall here some well-known facts of Homological Algebra. Our reference is [9] to which the reader is referred for the details. We fix a noetherian ring A. Assume that to each A M eMod f (A) is attached a projective resolution R.(M) by finitely generated projective v4-modules. We set E A (M) = H*(Hom A 
(R.(M),A)).
The abelian groups E A (M) are finitely generated right A -modules and are naturally identified with the groups Ext A (M,A). A similar result holds for M A eMod f (A). We shall often write E*(M) in place of E A (M) when there is no possible ambiguity. Recall that if M', M" e Mod { (A) and / e H o m^M '^X / ' e H o m^j M '^M ' ) , there exist morphisms
and a"(f) are injective for some n e N then we get 
(M).
(b) The ring A is said to be Auslander-Gorenstein (resp. Auslander-regular) of dimension fi if: injdim(/4) = ju <°° (resp. gldim(yl) = ju <°°), and every iWeMod f (v4) satisfies the Auslander-condition.
2.2. The principal tool for studying Auslander-Gorenstein rings is given by the following result whose proof can be found in [14] . THEOREM 
This theorem is proved in [7,1.8] . By analogy with similar properties for dimensions, one can say that the grade number is exact (on short exact sequences). We shall discuss this property in Section 4. 
G(B) (G(M)) in Modf(G(B)). If B is Zariskian one has j B (M)> J GW (G(M)).
( (2) The Q-adic filtration is not Zariskian in general (it is generally not separated).
It is very easy to deduce from it that, if B is Auslander-Gorenstein of dimension ft then B/QB is AuslanderGorenstein of dimension at most ju -1.
Let
Then it is not difficult to prove the following proposition.
PROPOSITION, (a) A is noetherian if and only if A/QA is noetherian. (b) A is a domain ifA/QA is a domain.
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The proof of (a) Assume A is noetherian. Even if the Q-adic filtration is not Zariskian, one has the following well-known result (see [16, 4.6.7] ). isomorphism from R onto ^[QA'" 1 ,^] and one easily sees that this ring is noetherian. The second assertion is obvious.
(2) Let M be an object of Modf(>4). Assume that {F n M} n is a good filtration on M.
Since Af is graded and Q is an element of positive degree we get that f) Q'M = (0). 
. By these remarks, we have
ic W (G(E A (M))) <j CiA) (G(N)) ^j
Hence p <j A (N), proving that A is Auslander-Gorenstein. We already noticed the converse in Remark 3.4 (3). 
Then there exists an increasing chain of submodules of E A (M):
E A (M/M X ) c . . . c E A {MlM t ) c . . . c E" A {M),
where each inclusion E A (M/M t ) c E A {MIM i+l ) is given by a"(f i+lyi ) and is the restriction of the injective map
Proof. By [9, p. 92], we have connecting morphisms
The hypothesis states that these maps are injective. The lemma then follows from 1.5 and (4.1.1).
Under the hypothesis of the previous lemma, we have the next corollary.
COROLLARY, (a) There exists qeN such that a n (f q+j , q ): (i,-<x>} is an exact dimension function. Furthermore it is finitely partitive. This means: 4.7. In this section, we suppose that A = 0 A m is a positively graded Auslanderm>(l Gorenstein ring of dimension fi. Let 6 be its dimension as defined in 4.5. Let M be in Modf(/1). We say that M is graded-critical (resp. graded-homogeneous) if 6(M/N)< 6(M) (resp. 8(N) = 8(M)) for all non-zero graded submodules N of M. These definitions are not of great interest since we have the next lemma. 
LEMMA. The module M e Modf(A) is graded-critical (resp. graded-homogeneous) if and only if it is critical (resp. homogeneous).
THIERRY LEVASSEUR
Proof
i)} t (increasing) such that dim k A(i) <°o for all i (in particular it is discrete). Assume that gr(A) = ®A(i)IA(i-l)
is a finitely generated fc-algebra. Set p = GKdimM, so that /^(n)</C/i p for some tfe^J and all « > n () > 0. Define a(n) to be the greatest integer q < E(n) such that n -qd> n 0 , and put
THEOREM. Suppose B is a noetherian k-algebra such that GKdim is exact and B is {left and right) homogeneous (for GKdim). Then B has a (left and right) Artinian quotient ring. Furthermore the set S of n.z.d. in B satisfies S = {beB I GKdim B I bB < GKdim B) = {b e B/GKdim B/Bb < GKdim B).
Let
that, for all M eModf(A), one has h M (t): = q M (t)/p A (t), p A (t)eZ[t], q M (t) eZ[t,r
no-1 c = E ftiip)-Then if /i » 0, we have P=<?0 a(n) f M (n) < c + 2 fsfr -id) s K[a(n) + l]n p + c.
1=0
But a{n) < £ ( « ) < « + c' for some c'e^J independent of n, hence / M (n) </Cn p+1 + c" for some constant c". This implies 5 = lim log n / M (n) < p + 1. Proof. Assume A is Auslander-Gorenstein, CM and satisfies (PG). Then by Remarks 3.4 (3) and 5.4 (2) , B has the required properties.
To prove the converse we start with a general result. 5.11. Let (/?, M) be a commutative noetherian local ring. To attempt to prove that R is Gorenstein one can proceed as follows. Find a regular sequence (Q,,..., Q t ) contained in M with / = Kdim R, then R/(Q U . . . , Q,) is an Artinian ring and one has to prove that its socle is a 1-dimensional vector space. In the non-commutative setting it is in general impossible to find a regular normalizing sequence ( Q , , . . . , Q,) such that GKdim A/(Q U ... ,Q/) = 0. But, we shall see in Section 6 some examples where this factor ring has GKdim 2. For this reason we give in 5.13 a criterion to ensure that such an algebra is Auslander-Gorenstein. We begin with an easy lemma. (k B , N) (see [12] and use (b.l)).
We now prove the assertion. Since Ext B (k B ,B) = 8 qvB k, the spectral sequence of (b.2) degenerates to isomorphisms E 6.4. We recall here results from [5] and [3] , [4] which will be used to give an example of an Auslander-Gorenstein ring in the next section.
For simplicity we assume that k is algebraically closed and we denote by X an irreducible projective variety over k. The category of quasi-coherent (resp. coherent) (^-modules is denoted by C^-Mod (resp. O x -Mod coh ). Let a be a /c-automorphism of X. When 6 .5. We assume that the variety X of 6.4 is a smooth elliptic curve and we fix oe A\it k (X). Then any ample invertible sheaf X is a-ample and we have GKdim B = 2, see [5,1.5] and Lemma 6.6.
The following proposition is a reformulation of results by A. Yekutieli, see [20] , [21] . (B) . Thus, applying T* to the resolution above, we obtain an injective resolution 0-»fl-»7°-»7'-»7 [19] , the construction of the Sklyanin algebra is generalized to obtain AS-regular algebras A of dimension 4 such that A/(Q U Q 2 ) = B(X, o,i£) for a regular normalizing sequence {Q 1; Q 2 } of quadratic elements and a triple (X,o, Z£) as in 6.6 (with degi? = 4). Thus the corollary can be applied to these algebras.
